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Abstract 
Non-linear prediction can be based on Volterra series 
expansion with some benefits especially when the expansion 
is limited to first and second terms for simplicity. But, these 
non-linear predictive filters suffer from instability triggered 
when quantization is used to translate the reduction in 
excitation signal energy into a smaller bit-rate. In this paper 
the instability is studied in forward prediction scheme that 
uses Least Squares (LS) Error criterion and solutions to 
remedy this problem are suggested and discussed. A scheme is 
reported that detects and flags those frames for which, after 
stabilization, including the quadratic predictor is beneficial. 
The results show that an overall improvement up to 2dB in the 
SNR can be achieved. 
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1. Introduction 

Linear prediction is used conventionally in speech coding to 
reduce the bit-rate. The reduction is achieved by coding the 
residual signal or what remains of speech when its predictable 
part has been removed. However, non-linear phenomena exist 
in all physical systems as well as speech production system 
and taking them into consideration is believed to result in 
lower dynamics of the residual signal to be coded [1]. The 
non-linear prediction of speech is usually achieved using 
Neural Nets. Studies carried out, through the past decade, in 
this regard showed that up to 3dB reduction in the residual 
signal energy was possible when short frames of speech were 
analyzed [2,3]. 

Non-linear prediction can also be based on Volterra series 
expansion where usually the first and second terms are only 
used for simplicity [4-7]. This alternative offers the major 
advantage of the analytically expressed LS solution for the 
filter coefficients, ensuring the existence of a global minimum. 
Nevertheless, it suffers from the major drawback of potentially 
unstable synthesis filter, even when a soft quantization is used 
[8]. This makes the Volterra filter unsuitable for speech 
coding applications unless a remedy is found for the instability 
problem. 

Non-linear prediction using Volterra series expansion is 
briefly described in section II as background. Adaptive 
prediction coding using forward prediction based on Volterra 
series expansion is developed in section III. Solutions to 
remedy ill-conditioning and instability are suggested and 
discussed in the same section. Simulations are provided in 
section IV to compare the proposed method with the linear 

scheme. Finally some conclusions are drawn up. 

2. Non-linear prediction using Volterra series 
expansion 

In an ADPCM coder, at any time, the residual signal to be 
quantized is: 

 ( ) ( ) ( )nsnsnd ~−= . (1) 

The predicted value of s(n) at instant n is ( )ns~  and G, given 
below, is the gain associated with this prediction. 

 22
dsgG σσ==  (2) 

Since the signal is non-stationary, adaptive 
prediction is used. Two methods are possible: Adaptive 
Prediction – Forward (APF) and Backward (APB) [9, 
10] whose block-diagrams are given in figure 1. Usually 
forward and backward adaptive quantization is used 
along with APF and APB respectively. We studied the 
effects of applying non-linear prediction, based on 
Volterra series expansion, and solutions to remedy 
instability in both methods. Sequential backward 
quadratic prediction, although much interesting from 
implementation point of view, did not lead to an 
appreciable better performance over linear prediction. 
So, here we present results obtained using forward 
quadratic prediction, which leads to an overall 
improvement in results. 

 
(a)    (b) 

Fig.1 the general structures used for adaptive prediction – (a) forward 
and (b) backward 

3. Adaptive prediction - forward (APF) 
In this method, assuming the quasi-stationarity over a short 
segment of signal (a frame of about 20 to 30 msec long), the 
coefficients of the prediction filter are calculated based on LS 
prediction error using either the auto-correlation or covariance 
method [11,12]. 
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Considering the non-linear filter to consist of a linear part 
of a memory size 1N  with coefficients ( ){ }ih1  and a 

quadratic part of memory size 2N  with coefficients 

( ){ }jih ,2 , the predicted signal ( )ns~  is written as [4,5]: 
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Note that for simplicity the quadratic coefficients matrix is 
assumed upper-triangular. Using the orthogonality principle to 
minimize the total squared prediction error i.e. ( )∑

n
nd2 , for a 

frame of M samples, a set of ( ) 21221 ++ NNN equations with 
the same amount of unknowns results as follows: 
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Here second, third and fourth order statistics are defined as: 

 ( ) ( ) ( )∑ −−=
n

jnsinsjiR ,2  (5.a) 

 ( ) ( ) ( ) ( )∑ −−−=
n

knsjnsinskjiR ,,3  (5.b) 

 ( ) ( ) ( ) ( ) ( )∑ −−−−=
n

lnsknsjnsinslkjiR ,,,4 . (5.c) 

Solving this set of equations gives ( )ih1  and ( )jih ,2  
according to LS criterion if summations are carried out over a 
frame of M samples in the above formulas. 

3.1. Ill-conditioning and decoupling of linear and 
quadratic filters 

One of the practical problems encountered in solving the set 
of equations (4) is its sensitivity to small changes in the data 
that makes the solution, through matrix inversion, 
computationally impossible. This is known as ill-conditioning 
[13]. This problem can be solved by decoupling the linear and 
quadratic filters using the structures depicted in figure 2 for 
the encoder and decoder. 

Here, the linear filter whose size is determined so that 
maximum redundancy is removed linearly is calculated first 
and then the quadratic filter is applied to the linear prediction 
residual signal. The previous formulas are modified 
accordingly to: 
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where, 

 ( ) ( ) ( )∑ −−=
n

jnsinsjiR ,2  (7.a) 

 ( ) ( ) ( ) ( )∑ −−−=
n

linlinlin kndjndindkjiR ,,3  (7.b) 

 ( ) ( ) ( ) ( ) ( )∑ −−−−=
n

linlinlinlin lndkndjndindlkjiR ,,,4 . (7.c) 

It is noted that the calculation of the linear filter leads to 
the inversion of a Toeplitz matrix in the case of the 
autocorrelation method and fast algorithms can be used for 
this purpose. However, the quadratic part involves a positive 
definite matrix to be inverted for which the Cholesky 
decomposition method is used [11, 12]. Here, by decoupling 
the linear and quadratic filters, instead of a set of 

( ) 21221 ++ NNN  equations we must solve two sets of 1N  
and ( ) 2122 +NN  equations corresponding to the linear and 
quadratic filters respectively. And since the number of 
operations grows exponentially with the number of equations 
or unknowns the complexity is also reduced as a result. 

 
(a) 

 
(b) 

Fig. 2 the structures used for decoupling of the linear and quadratic 
prediction filters (a) encoder (b) decoder 

3.2. Instability of synthesis filter 

It is noted that the instability occurs in the decoder when the 
quantized values of the non-linear prediction residual signal 
are transmitted, over the channel, to the decoder and used 
instead of the exact excitation signal [7]. 

This instability can be tackled, at the cost of losing some 
of the performance of the overall prediction, in a scheme 
depicted in figure 3, where the action of the decoder is 
emulated in the encoder. The signal is reconstructed in the 
encoder and the linear and quadratic filter coefficients are 
recalculated in a loop to ensure that the reconstructed signal 
does not diverge. This is done by substituting the 
reconstructed signal ( )nŝ  for the original signal s(n), after the 
first iteration (iter=2), by switching the k switch. As the 
speech signal samples values are subsequently normalized to 
unity, exceeding the value of 1 for reconstructed signal is 
chosen as a criterion of instability (signals are normalized to 
1at input), and in each iteration the value of the reconstructed 
signal is limited to this value. 
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Fig. 3 Scheme used to ensure the stability of the synthesis filter 

4. Results 
The effects of adding a quadratic APF of different lengths to a 
linear predictor of memory size 10, according to figure 2a, are 
summarized in figure 4. Here the results are averaged over 4 
files (2 female and 2 male speakers uttering each a whole 
sentence in English) of speech sampled at 8 KHz and digitized 
uniformly at 8 bits/sample. These files are subsequently 
normalized to maximum amplitude 1 before being used in 
frames with a length of 20msec. 

 

Fig. 4 Quadratic prediction gain versus quadratic filter size 

It can be seen that increasing 2N from 1 to 20 results in 
more than 10dB increase in the prediction gain. This is while 
further increase in 1N  above 10 has very little effect in 
overall performance. This shows the non-linear characteristics 
of speech and the effectiveness of using non-linear prediction. 
An example of such prediction is shown in figure 5 where the 
original signal can be seen in comparison with linear and non-
linear prediction residuals using 1N = 2N =10. 

As mentioned before the stability of the synthesis filter can 
not be guaranteed in APF method. Indeed, stability can only 
be achieved at the cost of losing most of the increase in 
prediction gain which drops to a level where the extra 
complexity in the codec is no more justified. Therefore, a 
scheme is developed to detect and flag those frames for which, 
after stabilization, the synthesis filter stays stable. 
Improvement in S/N is used as the usefulness criterion in the 
coder, where the action of decoder is mimicked taking into 
account the quantization. Results are summarized in figure 6.  

These results are obtained as averages over the 4 speech 
files mentioned before and using an adaptive forward 
quantizer with three different numbers of bits per sample 
(bps). As one can see, the stability is achieved at the cost of a 
small increase in complexity. For instance, with 1N =10 and 

2N =5 complexity increases by 25 to 30%. Also, on average, 
between 20 to 45% of frames benefit from non-linear 
prediction in this way. The results stay almost the same when 
the frame size is changed. Furthermore, with 1N =10 and 

2N =5 an overall improvement of 1 to 2.5dB is noted which 
is comparable to what can be expected from neural nets [14]. 

 

Fig. 5 Original speech compared with linear and non-linear prediction 
residuals 

5. Conclusion 
Non-linear prediction can be based on Volterra series 
expansion with some benefits, especially when the expansion 
is limited to first and second terms for simplicity. But, these 
non-linear predictive filters suffer from instability that is 
triggered when quantization is used to translate the reduced 
excitation signal energy into a smaller bit-rate. The instability 
can be tackled in the forward prediction scheme at the cost of 
losing some of the extra prediction gain obtained in non-linear 
prediction. Solutions to remedy instability are suggested and 
discussed. 

Experiments have shown that the stability can be achieved 
at the cost of a small increase in complexity so that for 20 to 
45% of input speech frames using forward prediction and 
including the quadratic prediction is beneficial. A scheme is 
developed to detect and flag those frames for which including 
the quadratic predictor is beneficial in the sense that not only 
it leads to a lower bit-rate or higher SNR but also to stabilize 
the synthesis filter. This scheme leads to an overall 
improvement of 1 to 2.5dB for SNR which is comparable to 
what can be expected from neural nets. 
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(a)      (b) 

  
(c)      (d) 

Fig. 6 (a) mean of number of iterations necessary for stability (b) ratio of number of frames with non-linear prediction to total number of frames, (c) 
quadratic gain and (d) SNR in linear (solid lines) and non-linear (dashed lines) predictions for bps=4,5 and 6 versus number of taps in quadratic 

filter 

In our opinion non-linear techniques based on 
Volterra series expansion have a dramatic inherent 
ability to describe some non-linear characteristics 
existent in speech signal but, taking advantage of this 
potential requires further research and study. 
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